We develop a multiple interface variational model, comprising multiple Taylor-relaxed plasma regions, each of which are separated by an ideal MHD barrier. A principle motivation is the development of a mathematically rigorous ideal MHD model to describe intrinsically 3D equilibria, with nonzero internal pressure. A second application is the description of transport barriers as constrained minimum energy states. As a first example, we calculate the plasma solution in a periodic cylinder, generalizing the analysis of the treatment of Kaiser and Uecker, Q. Jl. Mech. Appl. Math.,57(1), 2004, who treated the single interface in cylindrical geometry. Expressions for the equilibrium field are generated, and equilibrium states computed. Unlike other Taylor relaxed equilibria, for the equilibria investigated here, only the plasma core necessarily has reverse magnetic shear. We show the existence of tokamak like equilibria, with increasing safety factor and stepped-pressure profiles. A stability treatment of the multiple barrier configuration reduces to an eigenvalue problem, where the eigenvectors are the normal displacements of the ideal barriers, and the eigen-matrix has tridiagonal structure. Next, marginal stability thresholds are explored in parameter space. For a single interface, results are benchmarked to Kaiser and Uecker. For multiple interfaces, we check our working via convergence tests, which reveal that the system approaches the single barrier case in the limit of vanishing interface width. The analysis provides a foundation upon which to study the stability of systems with a single internal barrier, placed at the reverse shear point.
Introduction
In 1967, Grad showed that in order for a static 3D equilibrium to exist, the pressure gradient (∇p) must be zero in the neighbourhood of every rational flux surface, and poloidal flux ψ p surfaces must be relinquished. Since this time, this existence problem in 3D geometry has remained controversial. Our working develops a mathematically rigorous model of 3D ideal MHD configurations, in which the pressure is stepped, and ∇p is zero locally in any finite volume.
The original formulation of the 3D equilibrium problem, as proposed by Grad, was the search for a helical field in cylindrical coordinates. Grad reduced the problem to the magnetic differential equation B ∇ζ ¡ 1, with ζ a current potential. Next, Grad proved that unless stringent conditions are imposed on B, the potential ζ is a non-integrable function due to resonances at rational rotational transform ι. If ζ is non-integrable, then J and the total current are infinite, and the solution unphysical. A more transparent illustration, which elucidates the requirements on B and ∇p for arbitrary 3D configurations involves adding a helical field perturbation δ B to a 2D field B 0 with perfect flux surfaces [1] . The field must always satisfy J it can be shown that Eq. (1) reduces to
Here, n and m are toroidal and poloidal mode numbers, and p mn and b mn perturbed pressure and magnetic field Fourier coefficients. In general, and for a given Fields for which ∇p ¡ 0 are Beltrami fields, or force-free magnetic fields in astrophysical literature, where they were introduced over 50 years ago by Lüst and Schlüter [2] and Chandrasekhar [3] , amongst others. The motivation for the work was the vanishing of the Lorenz J ¢ B force, enabling astrophysical stationary state solutions. Woltjer [4] was the first to derive a Beltrami field by trying to minimize the total energy of a pressure-less plasma subject constant helicity. Whilst successfully describing the nature of stable solutions, Woltjer's working did not address how the plasma evolved to the lower energy state. Nearly 20 years later, Taylor [5] [6] addressed this difficulty by two conjectures initially developed to describe turbulent relaxation in the reverse field pinch : magnetic helicity would be roughly conserved during the relaxation process, even in the presence of resistivity, and that no other topological invariant would survive the relaxation phase. Since these formulative works, a large body of literature has been devoted to force-free fields and Taylor relaxation. In astrophysical plasmas, important applications include coronal loops and accretion disks. In laboratory plasmas, examples include reverse field pinches and spheromaks. The geophysical monograph "Magnetic Helicity in Space and Laboratory Plasmas" [7] provides an an overview, and lists seminal references.
A parallel advance in magnetically confined fusion plasma physics has been the discovery of high confinement regimes, where at sufficiently high heating power, the plasma self-organises to produce internal transport barriers. Whilst descriptive theories for these transport barriers exist (e.g. shear flow suppression of turbulence [8] and chaotic magnetic field line dynamics [9] ), little research has been devoted to addressing why the plasma self-organises into this state. One possible explanation is that these are constrained minimum energy states, where the plasma within the barrier satisfies ideal MHD, and the plasma between barriers is in a Taylor relaxed state [6] .
Our working builds principally upon a variational model developed by Spies et al [10] , which comprised a plasma/vacuum/conducting wall system. In Spies [10] the theory is applied to a plasma slab equilibrium, with boundary conditions designed to simulate a torus. Later analysis by Spies [11] extended the plasma model to include finite pressure. In 2005, Kaiser and Uecker [12] analysed the finite pressure model in cylindrical geometry. More recently, Hole et al [13] extended the single interface cylindrical treatment of Kaiser and Uecker to multiple interfaces, and demonstrated the existence of partially relaxed Taylor plasmas with tokamak-like magnetic shear profiles. In this work, we perform a stability analysis on the stepped pressure profile plasmas in cylindrical geometry. Our working also complements work by Hudson et al [14] , which developed a numerical algorithm for the calculation of Beltrami fields in weakly asymmetric plasmas.
This paper is arranged as follows : Sec. 2 presents the variational model for the stepped pressure profile equilibria. Equations for equilibrium and perturbed fields are derived, and expressions for plasma stability determined for local and global displacements. Section 3 solves for the equilibrium field in cylindrical geometry, and generates a mapping between different equilibrium constraint representations. Next, Sec. 4 solves for the perturbed field in a cylindrical plasma, and reduces the stability to an eigenvalue equation. The eigenvalue problem is solved numerically for one and two barrier systems. Finally, Sec. 5 contains concluding remarks.
Multiple Interface Plasma-Vacuum Model
We generalise the analysis of Kaiser and Uecker [12] to an arbitrary number N of Taylor relaxed states, each separated by an ideal MHD barrier. The system is enclosed by a vacuum, and encased in a perfectly conducting wall. For such a system, the energy functional can be written
where µ i and ν i are Lagrange multipliers, and
The term U i is the potential energy, M i the plasma mass, and H i the magnetic helicty in each region Figure 1(a) shows the geometry of the system. Setting the first variation to zero yields the following set of equations:
where n a unit vector normal to the plasma interface i , and
x i denotes the change in quantity x across the interface i . The boundary conditions on n B arise because each interface and the conducting wall is assumed to have infinite conductivity. In turn, these imply the following flux constraints during Taylor relaxation:
where the subscripts P i V are labels for quantities within the i'th plasma region, and vacuum region respectively, and the superscripts p t label the fluxes as poloidal and toroidal, respectively. Given the vessel with boundary , the interfaces i , and the magnetic field B, Eqs. (9)- (12) constitute a boundary problem for the plasma pressure P i in each region The second variation is a straightforward generalization of Spies [10, 11] to multiple interfaces. That is,
where
and where, following Kaiser and Uecker [12] , we have used upper case symbols to denote equilibrium quantities, and lower case use to represent perturbation. Hence, a is the perturbed vector potential and p i the perturbation in the equilibrium pressure P i . The term γ i is the ideal gas constant in each region, whilst ξ i ¡ ξ i n denotes the normal displacement of I i .
In Spies [10] the condition δ 2 W¨0 was re-formulated as a highly nonlinear eigenvalue problem. That is, the functional δ 2 W has been minimized subject to the constraint of constant N A , where
To solve the problem the Lagrangian multiplier λ was introduced, and the functional L 
where we have recognized that the displacement of the wall is zero, ξ N 1 
Equations (23) and (26) 
Cylindrical Equilibria
In this section cylindrically symmetric equilibrium solutions are generated. A cylindrical coordinate system is used [15] . The geometry of this system is analogous to the general screw pinch [16] , but with key differences. Notably, the pressure gradient is zero, except at ideal MHD barriers, where it is a delta function.
With an analytic form for the equilibrium magnetic field available, the equilibrium problem can now be prescribed in parameter space. Recognising that the change in pressure can be expressed in terms of the change in field strength B of the barriers, we observe that the plasma equilibrium is completely determined by the magnetic field profile and the radial position of the barriers. That is, the equilibrium is constrained by the 4N ¥ 1 parameters:
where r i are the radial positions of the N ideal MHD barriers, and r w the radial position of the conducting wall. Equivalently, the equilibrium can be constrained by the safety factors and magnetic fluxes. That is, the 4N
where q i i and q o i are the safety factor on the inside and outside of each interface. In cylindrical geometry the safety factor expands as
whilst the toroidal and poloidal fluxes compute as follows:
In the vacuum region, the fluxes compute as
shows an example with 5 ideal barriers. In addition to the poloidal flux, the safety factor is plotted, which necessarily decreases in the plasma core. In the plasma core, q X N using standard numerical packages. First, using Mathematica, Fortran 90 statements were generated to compute the coefficients of the matrix η for all cases. For each matrix element η i j , the statements were coded into a case-selection algorithm. To determine the eigenvalue, the QR algorithm for real Hessenberg matrices was employed [17] . 
For consistency with our working, we map δ to the jump in safety factor
Different internal pressures are described by β . We generalize the definition of Kaiser and Uecker to multiple interfaces, β
where ££ denotes volume averaging. The term β is related to our working by Fig. 2 to Fig. 3 in Kaiser and Uecker [12] shows the stability boundaries to be identical. 
Conclusions
We have formulated a variational model for multiple interface stepped pressure profile plasma configurations. The working extends previous treatments, which developed models for a single interface plasma-vacuum systems. The motivation for the work is the rigorous development of a model capable of generating 3D ideal MHD equilibria in arbitrary geometry. The system comprises multiple Taylor-relaxed plasma regions, each of which is separated by an ideal MHD barrier of zero width. The system is enclosed by a vacuum region, and encased by a perfectly conducting wall. As a first step, analytic solutions were developed for the equilibrium and perturbed fields of a a multiple interface cylinder. For these equilibria, the safety factor in the core necessarily decreases monotonically. For regions outside of the innermost ideal barrier, solutions can be constructed with increasing safety factors, and decreasing pressures. A tokamak like example of a multiple-interface equilibria was provided.
System stability was examined by reducing expressions for the perturbed fields to an eigenvalue problem. For a single interface, marginal stability thresholds reduce to previous working. For multiple interfaces, system stability converges to the single interface case in the limit that the interface separation reduces to zero. The analysis provides a foundation upon which to study the stability of systems with a single internal barrier, placed at the reverse shear point. Initial results will be presented in tokamak like configurations as a function of q min , and q 0 .
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